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IDENTITIES OF SYMMETRY FOR EXPANSIONS OF q-EULER
POLYNOMIALS
DAE SAN KIM AND TAE GYUN KIM
Abstract. Recently, Kim considered expansions of q-Euler polynomials which
are given by
∞∑
n=0
E
(h,r)
n,q (x)
tn
n!
= 2r
∞∑
m1,··· ,mr=0
q
∑r
l=1(h−l)ml (−1)
∑r
l=1 mle[x+
∑r
l=1 ml]qt.
In this paper, we investigate some symmetric properties of the multivariate
p-adic fermionic integrals on Zp and derive various identities concerning the
expansions of q-Euler polynomials from the symmetric properties of the mul-
tivariate p-adic fermionic integrals on Zp
1. Introduction
Let p be a fixed odd prime number. Throughout this paper Zp,Qp,Cp will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completion of algebraic closure of Qp. Let νp be the normalized
exponential valuation of Cp with |p|p = p
−νp(p) = p−1. When one talks about a
q-extension, q is variously considered as an indeterminate, a complex number q ∈ C
or a p-adic number q ∈ Cp. If q ∈ C, one usually assumes |q| < 1;if q ∈ Cp, one
usually assumes |1 − q|p < 1. The q-number of x is defined by [x]q =
1−qx
1−q . Note
that limq→1[x]q = x. The q-factorial is defined as [n]q! = [n]q[n− 1]q · · · [2]q[1]q. As
is well known, the q-binomial formulae are given by
(b; q)n = (1− b)(1− bq) · · · (1− bq
n−1)
=
n∑
i=0
(
n
i
)
q
q(
i
2)(−1)ibi, (see [1, 5]),
(1.1)
where
(
n
i
)
q
=
[n]q !
[i]q ![n−i]q !
=
[n]q···[n−i+1]q
[i]q !
, and
1
(b; q)n
=
1
(1− b)(1− bq) · · · (1− bqn−1)
=
∞∑
i=0
(
n+ i− 1
i
)
q
bi. (1.2)
Let C(Zp) be the space of continuous functions on Zp. For f ∈ C(Zp), the p-adic
fermionic integral on Zp is defined by Kim as follows:
I−1(f) =
∫
Zp
f(x)dµ−1(x) = lim
N→∞
pN−1∑
x=0
f(x)(−1)x, (see [6]). (1.3)
From (1.3), we note that
1
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I−1(fn) + (−1)
n−1I−1(f) = 2
n−1∑
l=0
(−1)n−l−1f(l), (1.4)
where fn(x) = f(x+ n) and n ∈ N.
As is well known, the higher-order Euler polynomials are defined by the generating
function to be
(
2
et + 1
)r
ext =
∞∑
n=0
E(r)n (x)
tn
n!
, (r ∈ N), (see [1-14]). (1.5)
The q-extension of (1.5) is given by
∞∑
n=0
E(r)n,q(x)
tn
n!
= 2r
∞∑
m1,··· ,mr=0
(−1)m1+···+mre[m1+···+mr+x]qt
= 2r
∞∑
m=0
(
m+ r − 1
m
)
(−1)me[m+x]qt, (see [5,6]).
(1.6)
Recently, Kim considered expansions of E
(r)
n,q(x) which are given by
∞∑
n=0
E(h,r)n,q (x)
tn
n!
= 2r
∞∑
m1,··· ,mr=0
q
∑r
l=1
(h−l)ml(−1)
∑r
l=1
mle[x+m1+···+mr]qt
= 2r
∞∑
m=0
(
m+ r − 1
m
)
q
q(h−r)m(−1)me[m+x]qt,
(1.7)
where h ∈ Z and r ∈ N (see [5,6,7]).
In this paper, we investigate some symmetric properties of the multivariate p-adic
fermionic integrals on Zp and derive various identities concerning the expansions
of q-Euler polynomials from the symmetric properties of the multivariate p-adic
fermionic interals on Zp.
2. Identities of Symmetry for expansions of q-Euler polynomials
For h ∈ Z and r ∈ N, from (1.3), we have
∫
Zp
· · ·
∫
Zp
q
∑r
l=1(h−l)yle[x+y1+···+yr]qtdµ−1(y1) · · · dµ−1(yr)
= 2r
∞∑
m1,··· ,mr=0
q
∑
r
l=1
(h−l)ml(−1)
∑
r
l=1
mle[x+m1+···+mr]qt
= 2r
∞∑
m=0
(
m+ r − 1
m
)
q
q(h−r)m(−1)me[m+x]qt.
(2.1)
Thus, by (1.7) and (2.1), we get
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E(h,r)n,q (x) =
∫
Zp
· · ·
∫
Zp
q
∑r
l=1
(h−l)yl [x+ y1 + · · ·+ yr]
n
q dµ−1(y1) · · · dµ−1(yr)
= 2r
∞∑
m=0
(
m+ r − 1
m
)
q
(−qh−r)m[x+m]nq
=
2r
(1− q)n
n∑
l=0
(
n
l
)
(−qx)l
(−qh−r+l; q)r
= 2r
∞∑
m1,··· ,mr=0
q
∑
r
l=1(h−l)ml(−1)
∑
r
l=1 ml [m1 + · · ·+mr + x]
n
q ,
(2.2)
where n ≥ 0.
Let w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2). Then we see that
∫
Zp
· · ·
∫
Zp
qw1
∑
r
l=1
(h−l)yle
[w1]q [w2x+
w2
w1
∑
r
l=1
jl+
∑
r
l=1
yl]qw1 tdµ−1(y1) · · · dµ−1(yr)
=
∫
Zp
· · ·
∫
Zp
qw1
∑r
l=1
(h−l)yle[w1w2x+w2
∑r
l=1
jl+w1
∑r
l=1
yl]qtdµ−1(y1) · · · dµ−1(yr)
= lim
N→∞
w2p
N
−1∑
y1,··· ,yr=0
qw1
∑
r
l=1
(h−l)yle[w1w2x+w2
∑
r
l=1
jl+w1
∑
r
l=1
yl]qt(−1)
∑
r
l=1
yl
× dµ−1(y1) · · · dµ−1(yr)
= lim
N→∞
w2−1∑
i1,··· ,ir=0
pN−1∑
y1,··· ,yr=0
qw1
∑r
l=1(h−l)(il+w2yl)
× e[w1w2x+w2
∑r
l=1
jl+w1
∑r
l=1
(il+w2yl)]qt(−1)
∑r
l=1
(il+w2yl).
(2.3)
From (2.3), we note that
w1−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jlqw2
∑r
l=1
(h−l)jl
∫
Zp
· · ·
∫
Zp
qw1
∑r
l=1
(h−l)yl
× e
[w1]q [w2x+
w2
w1
∑r
l=1
jl+
∑r
l=1
yl]qw1 tdµ−1(y1) · · · dµ−1(yr)
= lim
N→∞
w1−1∑
j1,··· ,jr=0
w2−1∑
i1,··· ,ir=0
pN−1∑
y1,··· ,yr=0
(−1)
∑r
l=1
(il+jl+yl)q
∑r
l=1
(h−l)(w2jl+w1il+w1w2yl)
× e[w1w2(x+
∑
r
l=1 yl)+
∑
r
l=1 w2jl+w1il]qt.
(2.4)
By the same method as (2.4), we get
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w2−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jlqw1
∑r
l=1
(h−l)jl
∫
Zp
· · ·
∫
Zp
qw2
∑r
l=1
(h−l)yl
× e[w2]q [w1x+
w1
w2
∑
r
l=1 jl+
∑
r
l=1 yl]qw2 tdµ−1(y1) · · · dµ−1(yr)
= lim
N→∞
w2−1∑
j1,··· ,jr=0
w1−1∑
i1,··· ,ir=0
pN−1∑
y1,··· ,yr=0
(−1)
∑r
l=1
(il+jl+yl)q
∑r
l=1
(h−l)(w1jl+w2il+w1w2yl)
× e[w1w2(x+
∑
r
l=1
yl)+
∑
r
l=1
w1jl+w2il]qt
(2.5)
Therefore, by (2.4) and (2.5), we obtain the following theorem.
Theorem 2.1. For w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2), we
have
w1−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1 jlqw2
∑
r
l=1(h−l)jl
∫
Zp
· · ·
∫
Zp
qw1
∑
r
l=1(h−l)yl
× e[w1]q [w2x+
w2
w1
∑
r
l=1 jl+
∑
r
l=1 yl]qw1 tdµ−1(y1) · · · dµ−1(yr)
=
w2−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jlqw1
∑r
l=1(h−l)jl
∫
Zp
· · ·
∫
Zp
qw2
∑r
l=1(h−l)yl
× e[w2]q [w1x+
w1
w2
∑
r
l=1 jl+
∑
r
l=1 yl]qw2 tdµ−1(y1) · · · dµ−1(yr)
Corollary 2.2. For n ≥ 0, w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2),
we have
[w1]
n
q
w1−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jlqw2
∑r
l=1
(h−l)jl
∫
Zp
· · ·
∫
Zp
qw1
∑r
l=1
(h−l)yl
× [w2x+
w2
w1
r∑
l=1
jl +
r∑
l=1
yl]
n
qw1 dµ−1(y1) · · · dµ−1(yr)
= [w2]
n
q
w2−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1
jlqw1
∑
r
l=1
(h−l)jl
∫
Zp
· · ·
∫
Zp
qw2
∑
r
l=1
(h−l)yl
× [w1x+
w1
w2
r∑
l=1
jl +
r∑
l=1
yl]
n
qw2 dµ−1(y1) · · · dµ−1(yr)
Therefore, by (2.2) and Corollary 2.2, we obtain the following theorem.
Theorem 2.3. For n ≥ 0, w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2),
we have
[w1]
n
q
w1−1∑
j1,··· ,jr=0
(−1)
∑r
l=1 jlqw2
∑r
l=1(h−l)jlE
(h,r)
n,qw1 (w2x+
w2
w1
(j1 + · · ·+ jr))
= [w2]
n
q
w2−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1 jlqw1
∑
r
l=1(h−l)jlE
(h,r)
n,qw2 (w1x+
w1
w2
(j1 + · · ·+ jr)).
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From (1.3), we note that
∫
Zp
· · ·
∫
Zp
qw1
∑
r
l=1(h−l)yl [w2x+
w2
w1
r∑
l=1
jl +
r∑
l=1
yl]
n
qw1dµ−1(y1) · · · dµ−1(yr)
=
n∑
i=0
(
n
i
)(
[w2]q
[w1]q
)i
[j1 + · · ·+ jr]
i
qw2 q
w2(n−i)
∑r
l=1
jl
∫
Zp
· · ·
∫
Zp
[w2x+
r∑
l=1
yl]
n−i
qw1
× qw1
∑
r
l=1(h−l)yldµ−1(y1) · · · dµ−1(yr)
=
n∑
i=0
(
n
i
)(
[w2]q
[w1]q
)i
[j1 + · · ·+ jr]
i
qw2 q
w2(n−i)
∑r
l=1
jlE
(h,r)
n−i,qw1 (w2x).
(2.6)
By (2.6), we get
[w1]
n
q
w1−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jlqw2
∑r
l=1
(h−l)jl
∫
Zp
· · ·
∫
Zp
qw1
∑r
l=1
(h−l)yl
× [w2x+
w2
w1
r∑
l=1
jl +
r∑
l=1
yl]
n
qw1dµ−1(y1) · · · dµ−1(yr)
=
w1−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1
jlqw2
∑
r
l=1
(h−l)jl
n∑
i=0
(
n
i
)
[w2]
i
q[w1]
n−i
q [j1 + · · ·+ jr]
i
qw2
× qw2(n−1)
∑
r
l=1 jlE
(h,r)
n−i,qw1 (w2x)
=
n∑
i=0
(
n
i
)
[w2]
i
q[w1]
n−i
q E
(h,r)
n−i,qw1 (w2x)
w1−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1 jlqw2
∑
r
l=1(n+h−l−i)jl
× [j1 + · · ·+ jr]
i
qw2
=
n∑
i=0
(
n
i
)
[w2]
i
q[w1]
n−i
q E
(h,r)
n−i,qw1 (w2x)T
(h,r)
n,i,qw2 (w1),
(2.7)
where
T
(h,r)
n,i,q (w) =
w−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jlq
∑r
l=1
(n+h−l−i)jl [j1 + · · ·+ jr]
i
q. (2.8)
By the same method as (2.7), we get
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[w2]
n
q
w2−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jlqw1
∑r
l=1
(h−l)jl
∫
Zp
· · ·
∫
Zp
qw2
∑r
l=1
(h−l)yl
× [w1x+
w1
w2
r∑
l=1
jl +
r∑
l=1
yl]
n
qw2 dµ−1(y1) · · · dµ−1(yr)
=
w2−1∑
j1,··· ,jr=0
(−1)
∑r
l=1
jlqw1
∑r
l=1
(h−l)jl
n∑
i=0
(
n
i
)
[w1]
i
q[w2]
n−i
q [j1 + · · ·+ jr]
i
qw1
× qw1(n−i)
∑
r
l=1 jlE
(h,r)
n−i,qw2 (w1x)
=
n∑
i=0
(
n
i
)
[w1]
i
q[w2]
n−i
q E
(h,r)
n−i,qw2 (w1x)T
(h,r)
n,i,qw1 (w2).
(2.9)
Therefore, by (2.7) and (2.8), we obtain the following theorem.
Theorem 2.4. For n ≥ 0, and w1, w2 ∈ N with w1 ≡ 1 (mod 2) and
w2 ≡ 1 (mod 2), we have
n∑
i=0
(
n
i
)
[w2]
i
q[w1]
n−i
q E
(h,r)
n−i,qw1 (w2x)T
(h,r)
n,i,qw2 (w1)
=
n∑
i=0
(
n
i
)
[w1]
i
q[w2]
n−i
q E
(h,r)
n−i,qw2 (w1x)T
(h,r)
n,i,qw1 (w2),
where
T
(h,r)
n,i,q (w) =
w−1∑
j1,··· ,jr=0
(−1)
∑
r
l=1 jlq
∑
r
l=1(n+h−l−i)jl [j1 + · · ·+ jr]
i
q.
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